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1
= exp | ——~
V21 P [ 22

R(z —2a')

o Disorder Average

= /Derxp [—%/_Z dx/_z dm’R‘l(x—x’)U(x)U(a?g
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Introduction

Thermodynamic Properties

@ Partition Function
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Z:/ dx exp [-(H (z)]
—00

o Free Energy
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@ Problem
log Z # log Z
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Random Potentials

Generating Random Potentials

@ Randomization Method [1]

N-1
U(z) = \/1_ Z [Ay,cos(knz) + Bpsin(k,z)]

@ J. Majda et al., Phys. Rep. 314 (1999) 237
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Random Potentials

Generating Random Potentials
@ Randomization Method [1]
| N
Uz Apcos(kpx) + Bpsin(kyx
(z) = VN & Z [ ) (Fn)]

o Amplitudes

(AnBm) =0, (AnAn) = (BuBm) = R(0)6m

@ J. Majda et al., Phys. Rep. 314 (1999) 237
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Random Potentials

Generating Random Potentials

@ Randomization Method [1]

1 N—
Z [Aycos(knz) + Bysin(kyx)]
N n=0

o Amplitudes
(AnBm) =0, (A,Ap) = (ByBn) = R(0)0mn

@ Wave Numbers

@ J. Majda et al., Phys. Rep. 314 (1999) 237
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Random Potentials

Examples

@ Example for Random Potential with Gauss Correlation
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Random Potentials

Examples

@ Example for Random Potential with Gauss Correlation
1
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@ Comparison of numerical averages of U(z)U(0) with R(x).
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Replica Method

Replica Trick

@ Replicated Partition Function

7={ [~ awesl-snl] = [ e

—00
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Replica Method

Replica Trick

@ Replicated Partition Function

= {/OO dx exp[—ﬂH(x)]}n = /d"‘x exp [—BH,(x)]

—00

p

@ Non-Random Hamilton Function

:—ﬂZx ——BEQZR a — Tp)
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Replica Method

Replica Trick

@ Replicated Partition Function

= {/OO dx exp[—ﬂH(x)]}n = /d“a: exp [—fH,(x)]

—00

p

@ Non-Random Hamilton Function
:—ﬂZx ——65221% a — Tp)

o Trick: log Z = %log A = hmn_)o Llog Zn

= F' = lim F

n—0n
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Replica Method

Replica Trick

@ Replicated Partition Function

7={ [~ awesl-snl] = [ e

—00

@ Non-Random Hamilton Function

:—ﬂZx ——65221% a — Tp)

o Trick: log Z = 1 ~log Z™ = limy, 0 “— 7_ = hmn_)o log Z™
= I = hm F
n—0 N

@ Variational Perturbation Expansion:
Hp(x) = Hi(x) + [Hy(x) — Hi(x)]
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Replica Method

Perturbation Expansion

@ Cumulant Expansion

N o (_pg\k
rY =1 - 5> S (1,60 - )
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Replica Method

Perturbation Expansion

@ Cumulant Expansion

@ First-Order Free Energy

FW :—% log<¥> + %Trlog G+ %TrG - g ;b: fla(a,b)],
Flo(0.0] = £ | 5(Gon+ G~ 260)] = (Rlza — 1),
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Replica Method

Perturbation Expansion

@ Cumulant Expansion

1 ¢
_ k
=R - kg P (1t )~ ),
@ First-Order Free Energy
(1) __n 2me L . é
R 2ﬁl < 3 ) 2ﬁTrlogG +2ﬁTrG 2§f[q(a,b)],

Fla(a, b)) = f [%(Gaa Gy — QGaw] — (R(za—2))m,

@ Conditional Equations due to Saddle-Point Equation

oEY _on ¢Fd = o= -20fddlc,d)

0o g c=d = Op=— Za;ﬁc Oac

Freie Universitat o\ S ) Berli

M. Diittmann (FU-Berlin) Vartiational Methods in Disorder Problems 23.03.2009 7/11



Parisi Matrices

@ n =9, k=0: Replica Symmetry
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Replica Method
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Replica Method

Parisi Matrices

o n =9, k=0: Replica Symmetry
P Po Po Po Po Po PO PO PO
Po P Po PO PO PO PO PO PO
pPo Po P Po PO PO PO PO PO
Po Po Po P Po Po PO Po PO
Po Po PO PO P PO PO PO PO
Po Po PO PO Po P PO Po PO
Po Po Po Po PO Po P PO PO
Po Po PO PO Po Po Po P Po
Po Po PO PO PO Po PO PO D

en=9 k=1, my =3: 1-step Replica-Symmetry Breaking
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Replica Method

Parisi Matrices

o n=29, k=0: Replica Symmetry

en=9 k=1, my =3: 1-step Replica-Symmetry Breaking
P |p1_ pi |Po Po Po PO PO PO
p1 | P | P1 | Po Po Po Po Po PO
PL__P1 | P | Po Po _Po PO PO PO
Po Po Po | P | P1_ P1L | Po Po PO
po Po Po [ P1 P | P1|Po PO PO
po Po Po | P1L__P1 | P | Po Po Po
Po PO PO PO PO PO P [ p1 p1
Po Po Po Po Po PO | P1 | P | P1

Po Po Po Po Po Po P1 P1 P

@ Reparametrization as Continuous Function
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Replica Method

Results
o Replica-Symmetry + o Almeida-Thouless-Line:
Replica-Symmetry Breaking Replica Symmetry

(k=0,1
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Replica Method

Results
o Replica-Symmetry + o Almeida-Thouless-Line:
Replica-Symmetry Breaking Replica Symmetry
(k=0,1)
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----- Simulation ===---1-Step RSB —RS -oost

@ Replica-Symmetric Solution unstable in certain parameter regime
[2] A. Engel, Nucl. Phys. B 410 (1993) 617
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Replica Method

Results
o Replica-Symmetry + o Almeida-Thouless-Line:
Replica-Symmetry Breaking Replica Symmetry
(k=0,1

Te vis

unstable
-30 oos
. . . . . N 0w I . . . )
00 02 a— 08 10 02 04 06 03 10 12
----- Simulation ===---1-Step RSB —RS -oost

@ Replica-Symmetric Solution unstable in certain parameter regime
[2] A. Engel, Nucl. Phys. B 410 (1993) 617

@ Numerical Calculations with higher steps k& show no improvement
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Non-Replica Based Methods

Results
@ Unperturbed System
1
Hy = §mw2
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Non-Replica Based Methods

Results
@ Unperturbed System
1
Hy = 5/%2

@ Partition Function

Zo = / " d exp [~ Ho ()]

—00
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Non-Replica Based Methods

Results
@ Unperturbed System
1
Hy = 5/%2

@ Partition Function

Zy = /oo dx exp [—BHoy(x)]

—00

o Free Energy

M. Diittmann (FU-Berlin) Vartiational Methods in Disorder Problems

dak
Freie Universitat %&[«‘

5

23.03.2009

Berlin

10 / 11



Non-Replica Based Methods

Results
@ Unperturbed System
1
Hy = 5/@3:2

@ Partition Function
Zo = / d exp [~ BHo ()]

o Free Energy

—C

o Expectation Value
1 o

-z N dxeexp[—[Hy(z)]

<.>H0
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Non-Replica Based Methods

@ Cumulant Expansion

Results
@ Unperturbed System N k
1 —ef c
Fyn =Fy—— ) ({U@)F) g,
1, B (2)!
Hy = —kx k=1
2
@ Partition Function il
o
7o = / d exp [~ BHo(x)
—o0
o Free Energy N
------ %enljclsjtlgté’:der
1 /4}/8 — S:ef;ndroer:ier
Fyp=—=1 —
0 3 0g<27r) N

o Expectation Value

1 o
_70 .
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Non-Replica Based Methods

Temperature Variation
o Artificially introducing variational parameter:
2 2
T—r/Iter, r="2F, ZFy(T,7)=0

eT?

Freie Universit: I Berlin

M. Diittmann (FU-Berlin) Vartiational Methods in Disorder Problems 23.03.2009 11 /11



Non-Replica Based Methods

Temperature Variation

o Artificially introducing variational parameter:
2 2
T—7V1l+er, r= "E;QT , a%FN(T,T) =0
o Taylor-Expansion to corresponding order yields

o T 00k

00 02 04 06 08 10 00 05 10 20

T
----- Simulation —— First-Order PE —— Second-Order PE ------Tl'emperature Resumation™

The parameters are e = 1 and kK = 0.01, kK = 0.5, Kk = 2.
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